MATHEMATICS

Chapter 9: SEQUENCE AND SERIES
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SEQUENCES AND SERIES

SEQUENCE AND SERIES

Top Definitions

1. A Sequence is an ordered list of numbers and has the same meaning as
conversational english. Asequence is denoted by <an> .1 = a1, a2, as, ....... an.

2. The various numbers occurring in a sequence are called its terms.

3. Asequence containing finite number of terms is called.afinite sequence. A finite
sequence has the last term.

4. A sequence which is not a finite sequence, i.e., containing an infinite number of
terms is called aninfinite sequence. There is no'last term in an.infinite sequence.

5. Asequence is said to be an arithmetic progression if every term'differs from the
preceding term by a constant number. For'example, the sequence aj, a, as,... an is
called an arithmetic sequence or AP ifan+1 = an 4 d.

For all n € N, where d is-a constant called the common difference of AP.
6. Ais the arithmetic mean of two numbersa and b if a, A and b forms AP.

7. Asequence is said to be'a geometric progression or GP if the ratio of any tem to its
preceding termiisthe same throughout. Constant ratio is a common ratio denoted by
r.

8. If three numbers are in GP, then the middle term is called the geometric mean of the
other two.

Top Concepts
1. A sequence has a definite first member, second member, third member and so on.
2. The n*" term <an> is called the general term of the sequence

3. Fibonaccisequence 1,1, 2, 3,5, 8, .. is generated by a recurrence relation given by

ai=ax=1.
an =an2+an1, N >2.
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4. A sequence is a function with a domain, the set of natural numbers or any of its subsets
of the type {1, 2, 3, ... k}.

5. If the number of terms is three with a common difference ‘d’, then the terms are
a-d, danda+d

6. If the number of terms is four with common difference ‘2d’, then the terms are
a-3d, a-d, a+danda+3d.

7. If the number of terms is five with a common difference ‘d’, then the terms are
a-2d, a-d, a, a+danda+ 2d.

8. If the number of terms is six with a common difference“2d’, then the terms are
a-5d,a-3d,a-d,a+d,a+3danda+5d.

9. The sum of the series is the number obtained by adding the terms.

10. The general form of APisa,a+d, a+ 2d, ...a+ (n=1) d. The term a is called the first term
of AP and d is called the common difference of AP. The term d can be any real number.

11. If d>0, then AP is increasing, if d <0 then AP is decreasing, and if d = 0, then AP is
constant.

12. For AP, a, (a+d), (a+ 2d), ..., (A= 2d), (A - d), A with'the first term a and common
difference d and last term A'and general term.is A - (n - 1)d.

13. Let a be the first term and d be the common difference of AP with ‘m’ terms. Then nth
term from theend is the (m- n #1)™ term from the beginning.

14. Properties of AP

i...Ifaconstant is added to each term of AP, then the resulting sequence is also AP.

ii.~ If a constant is subtracted from each term of AP, then the resulting sequence is also
AP.

iii. If each term of AP is multiplied by a constant, then the resulting sequence is also an
AP.

iv. If each term of AP is divided by a non-zero constant, then the resulting sequence is
also AP.

a+b

15. The arithmetic mean A of any two numbers a and b is given by —

16. General form of GP: a, ar, ar?, ar?,....., where a is the first term and r is the constant ratio.
The term r can take any non-zero real number.
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17.

18.

19.

20.

21.

22.

23.

24.

25.

A sequence in GP will remain in GP if each of its terms is multiplied by a non-zero
constant.

A sequence obtained by multiplying the two GPs term by term results in GP with
common ratio theproduct of the common ratio of the two GPs.

The reciprocals of the terms of a given GP form a GP with common ratio %

If each term of GP is raised to the same power, then the resulting sequence also forms
GP.

The geometric mean (GM) of any two positive numbers-a and b.is given by Vab.

Let A and G be AM and GM of two given positive real numbers a and b, respectively,
then A2 G.

Where A = ? and G =+vab
Let A and G be AM and GM of two given positive real numbers a and b, respectively.

Then, the quadratic equation having a and b as its roots is x - 2Ax + G = 0.

Let A and G be AM and GM of two given positive real numbers a and b, respectively.
Then the given numbers are A + VA% — G.

If AM and GM are in the ratio m:n, then the given numbers are in the ratio

m++Jm? —n? : m—m? —n2.

Top Formulae

1.

The n'" termor generalterm of AP is an = a + (n — 1)d, where a is the first term and d is
the'commondifference.

. The general term of AP given its last termis | - (n - 1)d.

A sequence is AP if and only if its nth term is a linear expression in n,
Ap = Xn+Y, where Xand Y are constants.

Leta,a+d,a+2d,.a+(n-1)d be AP. Then
S, =%r2a+[n—1)d] or S, :g[a+€]whereh=a+(n—1)d

A sequence is AP if and only if the sum of its nth term is an expression of the form X2 +Y,
where X and Y are constants.

©)
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6. If the terms of an AP are selected in regular intervals, then the selected terms
form an AP.
Let an, an+1 and ans2 be the consecutive terms of AP.

Then 2an+1 + = an an+2.

7. Let A1, A, Az, ...An be n numbers between a and b such that a, A1, Az, As, ...An, b is
AP. The n numbers between a and b are as follows

A1=a+d=a+b_a
n+1
2(b -
Ap=a+2d=a+ 202
n+1
As=a+3d=a+ S22
n+1
b -
An=a+nd=a+n( 2)
n+1

8. General term of GP is ar"1, where a is the first termand r is the common ratio.

9. If the number of terms is 3 with the common ratio.r, then the selection of terms

should be %, and ar.

10.1f the number of terms-is 4 with.the common ratio r2, then the selection of terms

a
should be S, aar and ar?.

11.1f the number of terms is 5 with the common ratio r, then the selection of terms

a
should be —a,3,ar and ar?.

12.Sum to the firstn terms of GP S, =a +ar+ar?+... +ar"?

(YIfr=1,S,=a+a+a+..+a(nterms)=na.

(i) If r<1, S, = M
1-r

_ a(r” - 1)

(ii)If r>1, Sp = —1
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13.Let Gy, G, ...... , Gn be n numbers between positive numbers a and b such that a, G,
Gy, Gg, ...... Gn, b is GP.

1

Thusb=br™', or r= [g]n+l

1 2 3

Gi=ar= a[g]'M ,G,=ar*= a(gjnﬂ ,Gzar®= 3(9}"”

n

G,=am=a [E]”H
a

14. The sum of infinite GP with the first term a_.and common ratior (-1 <r <1)is S = ﬁ

Some Special Series

1. The sum of first n natural numbers is
n(n+1)

2

1+2+3+...+n=

2. Sum of squares of the first n'natural numbers
nn+1)(2n+1

3. Sum of cubes of first n natural numbers

2 2
12#2°+ ... +n’= nz(n+1) :[n{n+1)]
1

4. Sum of powers of 4 of first n natural numbers

n(n+1)(2n+ 1)(3n2 +3n- 1)
30

14 +24+3%+ ... +n* =

5. Consider the seriesai+a;+as+asz+...+an+ ...
If the differences in a; — a1, a3 — a2, as — as, .... are in AP, then the nth term is given by
an=an’+bn + ¢, where a, b and c are constants.

6. Consider the seriesar+az+as+as+..+an+...

If the differences in a; — a1, as —ay, as —as, .... are in GP then the nth term is given by

()
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an=ar"'+b +c, where a, b and c are constants.
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Class : 11th mathematics
Chapter- 9 : Sequences and Series

zor G.P, if the ratio of any term to its preceding

:term is same throughout.This constant factoris  *
‘called ‘Common ratio’. Usually we denote the first AR A P53 Sequience’in Which terms increase or décréase
‘term of a G.R by ‘a’ and its common ratio by r’. : :
:The gereral or n* term of G. is given by a_=ar" &

Eregularly by the fixed number (same constant). This fixed

*The sum S, of the first n terms of G.P is givén by : Enumber is called ‘common difference’ of the A.P If ‘a’ is the:
aG o 1 all=r" . Tk ifirst term & ‘d’ is the common difference and ‘I is the last &
SR = e iterm of A.P, then general term or the n" term of the A.P is

igiven by a, = at(n=1)d.

. The sum S_ of the firstn terms of an A.R is given by

therefore p— \/;; a>0,c>0

:+If a, b are two given numbers &a, G, G,, ..., G, bare S, =g[2a+(n—1)d] =%[u+l]

g in GP, then Gll GZ,G‘ G“ are n GMs between a & bi ...... M usnnsnsnnnn Aansnn Butassnsnnsfuennansnssnnannnnnnnans
: v %, w ® | gsssssssscssssssngessssssnnnansansagssasnsensassnasssnnge Eabnensuile

PG = u<(%) "G, = a-(%)‘ i G, = (,A(y)'"“ {Sequence is a function whose domain is the set of N naturak

: oF “ gnumber&

G.=ar, Gy =a, .. G, = ar* : Real sequence: A sequence whose range is a subsetof R is

: gcalled a real sequence :
e e : iSeries:Ifa, a, a,, ..a,, is a sequenc, then the expression
ta ta,+a,+...a +. isaseries. A §eries is finite orinfinite
according to the no. of terms in the corresponding
i sequence as finite or infinite.
Progression: Those sequences whoseterms follow certain
:
:

: patterns are called progression.

Geometric
Progression (G.P.)

Geometric Mean

(GM)

Definition Arithmetic

Progression (A.P.)

¢ If A and G are respectively arithmetic and geometric

P means between two positive numbers a and b; then

L\ Sequences and Series /] the quadratic equation have a, b as it’s root is
22Ax+G*=0

¢ If A and G be the AM & GM between two positive

numbers, then the numbers are 4+ A’ -G’

In a series,where each term is formed by multiplying - |
the corresponding term of an AP & GP is called
Arithmetico-Geometric Series.

Eg: 1+3x+5x°+7x°+...

Here, 1,3,5,...arein APand 1, x, 33 .. \are in G }}

Arithmatico

Geometric Series | Relationship

between AM &
GM

Sum upto terms of
some special
Sequences

Properties of AM
& GM between
two quantities

Arithmetic Mean
(AM)

¢ If three numbers are in A.P, then the middle term is
i called AM between the other two, soif a, b, ¢, are in :
P AP, bis AMof aand c. :

i AMforany n’ +ve numbersa, a, a,, ..., a is

_ata,+ta;+..ta,

*8"Sum’of first "’ atural humbers T AM _—
R n(n+1) 1 - . :
LetA s e 570 RV Ioets e Y s e glven """" : ;k =14+2+3+...+n= T 3 En-Anthmehc Mean between Two Numbers: If a, b are,:
épositive real numbers a & b, respectively. Then, Sum of squares of first n natural numbers § :any two given numbers & a, All Az/ o An/ b arein
1 ath and - el . n(n+1)(2n+1) gA.P. then A, A, ..., A are n AM’s between a & b.
A= and G=+fab S =P+2+F+ 4 =m P2 11 :
: 2 = 6 . b-a 2(b-a) n(b—a) :
b . A_G_a+b_\/—b_a+b—2\/£ t i A=a+— A =mat+t———. .4, =a+——
:Thus, we have, = Uk > i* Sum of cubes of first n natural numbers : : n+l n+1 n+1 :
: : E ()Y [ : orA=atdA,=a+2d,..,A =a+nd,
= 3_13 3 3 : H - =d :
:(w/c_z «/17) . ) Z:I:k =P+2°+3 +...+n‘=(—2 J :[;kJE 3 where d = :
: From (1), we obtain the relationship A= G : i* Sum of first ‘n’ odd natural numbers
P Y @k-1D=143+ 5+ .+ @n-D=rt
H =] H
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Important Questions

Multiple Choice questions-

Question 1. Let Tr be the rth term of an A.P. whose first term is a and the common
difference is d. If for some positive integers m,n, m#n, Tm=1/nand Tn = 1/m
then (a-d) equals to

(a)0

(b) 1

(c) 1/mn
(d)1/m+1/n

Question 2. The first term of a GP is 1. The sum of the third term and fifth term is 90.
The common ratio of GP is

(a)1
(b) 2
(c) 3
(d) 4
Question 3. If a is the first. term and r is the common ratio then the nth term of GP is
(a) (an)™*
(b)yaxr"
(c)axr?
(d) None of these
Question4. The sum of odd integers from 1 to 2001 is
(a) 10201
(b) 102001
(c) 100201
(d) 1002001
Question 5. If a, b, care in AP and x, y, z are in GP then the value of x* x y*2 x 22 is
(a)0
(b) 1
(c)-1
(8)
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(d) None of these

Question 6. An example of geometric series is
(@) 9, 20, 21, 28

(b)1,2,4,8

(€)1,2,3,4

(d)3,5,7,9

Question 7. Three numbers from an increasing GP of the middle number is doubled,
then the new numbers are in AP. The common ratio of the GP'is

(a) 2

(b) v3
(c)2+v3
(d)2-v3

Question 8. An arithmetic sequence has its 5th term equal to 22 and its 15th term
equal to 62. Then its 100th term is equal to

(a) 410
(b) 408
(c) 402
(d) 404

Question 9. Suppose a, b, carein A.P.and a% b? c?areinG.P.Ifa<b<canda+b+
c =3/2, then thewvalue of a is

(a) 1/2v2

(b) 1/2v3

(c) 1/2=1/v3

(d)1/2=-1/v2

Question 10. If the positive numbers a, b, ¢, d are in A.P., then abc, abd, acd, bcd are
(a) notin A.P./G.P./H.P.

(b) in A.P.

(c)in G.P.

(d) in H.P.

Short Questions:

(9)
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8.
9.

. Which term of the sequence 27,24,21,18, ............. is zero?
. The last term of the series 8,4,0, ................ is — 24. Find the total number of terms.

. Seven times the 7th term of a series is equal to eleven times of its 11th term. Find the

18th term of the series.

. Prove that the sum of (m + n)® term and (m — n)™" terms of an A.P. is twice of its m™"

term.

. Insert three Arithmetic means between 3 and 19.
. If—8, A1, Az are in Arithmetic progression (A.P.), then find the value of A1, A;.

. A person pays first instalment of Rs. 100 towards his loan. If he increases his instalment

every month by Rs. 5, then what will be his 30th instalment
Which term of the sequence \/§, 3, 3V3 ... is729?

How many terms are required in GP. 3,3%,33............ , S0 that their sum would be 1207?

10.1f A.M. and GM. of roots of a quadratic equation are 8 and 5 respectively, then find the

guadratic equation.

Long Questions:

1.

150 workers were engaged to finish'a job in a certain no. of days 4 workers dropped out
on the second day, 4 more workers dropped out onthe third day and so on. It took 8
more days to finish the work find the no. of days in which the work was completed.

. Prove that the sum to n terms of the series-11 + 103 +1005 + is ? (10"-1) +

n2

. The ratio of A M and G. M.of two positive no. a and b is m : n show that

. Between1 and 31, m number have been inserted in such a way that the resulting

sequence is an A.P. and the ratio of 7th and (m-1)th no. is 5:9 find the value of m.

. The Sum of two no. is 6 times their geometric mean, show that no. are in the ratio (3 + 3

V2):(3-2V2)

Assertion Reason Questions:

1.

In each of the following questions, a statement of Assertion is given followed by a
corresponding statement of Reason just below it. Of the statements, mark the
correct answer as.

Assertion (A) : If the sequence of even natural numberis 2, 4, 6, 8, ..., then ath term of
the sequence is an given by an=2n, wheren €N .

Reason (R) : If the sequence of odd natural numbersis 1, 3,5, 7, ..., then ath term of the
(10)
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sequence is given by an=2n-1, wheren €N..

(i) Both assertion and reason are true and reason is the correct explanation of
assertion.

(ii) Both assertion and reason are true but reason is not the correct explanation
of assertion.

(iii) Assertion is true but reason is false.
(iv) Assertion is false but reason is true.

2. In each of the following questions, a statement of Assertion is given followed by a
corresponding statement of Reason just below it. Of the statements, mark the
correct answer as.

Assertion (A) : The fourth term of a GP is the square of its second term and the first
term is -3, then its 7th term is equal to 2187.

Reason (R) : Sum of first 10 terms of the AP 6,8, 10, ......... is'equal to 150.

(i) Both assertion and reason are true and reason is the correct explanation of
assertion.

(ii) Both assertion and reason are true but reason is not the correct explanation
of assertion.

(iii) Assertion is true but reasonis false.

(iv) Assertion is false'but.reason is true.

Answer Key:

MCQ

(a) 0

(c) 3

(c) a xrt
(d) 1002001
(b) 1
(b)1,2,4,8
(c)2+vV3
(c) 402

(d) 1/2 - 1/N2
(d) in H.P.

0 9O N U B WNPRE

Y
e
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Short Answer:

1. Herea=27andd=T,-T1=24-27=-3.
Let the n'" term of series be 0.
~Th=a+(n-1)d
=0=27+(n-1)(-3)
=3n-3=27
= 3n=30
n =10 or 10*" term.

2. Given series 8,4, 0, ... (1)
First term = a = 8 Common difference d =4 -8 =-4
d=0-4=-4
* The common difference is same the series is.in A.P.
last term | = — 24,
l=a+(n—-1)d,
=—24=8+(n-1)(-4)
= —24-8=(n-1)(-4)
= —32=(n-1)(-4)
=(n-1)= %
>n-1=8
>n=8+1
>n=9
- Number of termsn=9

3. Let first term = a and common difference = d of A.P.
~7"term=a+6dand 11" term=a+10d.
~ According to question,
7(a+6d)=11+(a+10d)
= 7a+42d=11a+110d
= 7a—11a=110d —42d
=>-4a=68d
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=>a=-17d

Hence 18" term =a + 17d

=—17d +17d [ a=—17d]

=0.

. Let the first term = a and common difference = d.
Tn=a+(n-1)d

Tm+n=a+(m+n-1)d ... (1)
Tmn=a+(m-n-1)d..(2)
Tm=a+(m-1)d...(3)

Tmin+ Tmn=a+(mM+n—-1)d+a(m-n-1)d
=2a+(m+n-1+m-n-1)d
=2a+(2m-2)d

=2a+2(m-1)d

= 2[a+(m —1)d]

Tmen + Tmon = 2Tm.

. Let three Arithmetic mean be A1, A, As,
then 3, A1, Ay, A3, 19 are.in A.P.
~3=2a,19=Ts;, let common difference=d
Ts=a+4d

Ts=a+4d

= 19=3 +4d

= 16 =4d

=>d=4

Hence A1=3+4=7,A=7+4=11,As=11+4=15.
. —8,A1, Ay, 9arein A.P.

~a=-8,Ts=9, let common difference =d
Ta=a+3d

=9=-8+3d

=3d=11

17
>d=—
3
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7. Given:a=Rs. 100, d=Rs. 5, n =30,
Tn=a+(n-1)d
Amount of 30" instalment
J30=100+(30-1) x5
=100+29x5=100 + 145

= Rs. 245.
Hence the 30™ instalment = Rs. 245.
8.
. 3
Given : a=v'r§,r=-*=\ﬁ,
J3
Let n term = 729
- L=a™
- 729=3x(3)""
1 n-
— 729=(3)2 2
!+rru1 "
— 729=3 2 = 30=32
~ =6 = n=12
2
Hence 12% term = 729.
9.

Given:a=3, r=§=3, Sw= 120,
a(r—=1)

r—1

3(3n< 1)
- 12
3-1 0

n

=

= 3"-1 =
=3"-1=80
=3"=81
=3"=3"
=>n=4
10.Let the roots of equation be a and B

A.M. of roots = % = 8
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>a+pB=16
G.M. of roots =/af3 =5
= af =25

If a, B are the roots of equation
then, x?— (o +B)x+apf=0
= x*-16x+25=0.

Long Answer:

a=150,d=-4

S, ==[2x150+(n—1)(—~4)]

[

If total works who would have worked all n days 150(n-8)

AT QZ[300+(n—1)(—4)]=150(n~8)

A

L

=

2.

Sn=11+103 +1005 + --—-+ nterms
Sn =(10+1) + (102 + 3) + (103 + 5) +

10010 =1 =,
S =— — 4+ (f+2n-

= E[m*—l']ﬂ-?
9 v ;

a+b m

Wab n

bv Cand D

at+b+yfab m+n

a+b—2J¢E Cm—n
|\'I{E+"JIIE|‘ m+n
(Na—B) mn
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\E+af§_1f'm+a:-

NN A e

by CandD

ﬁ_ﬁm+ﬁ+ M=

—\E{E: \n'rm+a:-——\|'rm—a:-

Sq both side
E_m+ﬁ'+m—}{+2m‘m:—:i:
b om+gwam—g—fmt —n
_m+1.'m:—a:-:

m—~fm —n’

a
b

4.
LA4.4.4.,———4 3larein AP

a,.,=314

a,=a+(n—1)d
3l=a+(m+2-1)d

5.
a+b=6jab

a+h _3

Wab 1
by Cand D
a+b+2:fab _3+1

a+b—2Jab  3-1
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(Va+vB)
(Na-B)
it _\
N

again by C and D

Ja+ B +da-{F 241

Ja +db—Ja = 21

28 21

a (V2+1]

[ on squaring both side)

° (V2-1f

a 2+1+2\2

a
b

b 2+1-242

arb=(3+242):(3-22}

Assertion Reason’ Answer:

1. (ii) Both assertion and reason are true but reason is not the correct explanation

of assertion:.

2. (iv) Assertion is false but reason istrue.
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