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08 APPLICATION OF INTEGRALS

APPLICATION OF INTEGRALS

1. Elementary area: The area is called elementary area which is located at any arbitary
position within the region which is specified by some value of x between a and b.

2. The area of the region bounded by the curve y = f (x), x-axis and the linesx=aand x=b (b >

a) is given by the formula: Area = be vdx = bef(x)dx

3. The area of the region bounded by the curve x = 6(y), y-axis'and the linesy=c,y=d is
given by the formula: Area = fcb xdy = fcb 6(y)dy

4. The area of the region enclosed between two curvesy =f(x), y =g (x) and the linesx =a, x =
b is given by the formula, Area = f:[f(x) — g(x)]dx; where f(x) = g(x)in[a, b].

5. If f(x) = g(x) in[a, c]and f(x) < g(x) in [c, b],a<c<b, then we write the areas as:

b b
Area = j [F () — gG))dx j L9 () = £()]dx
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APPLICATION OF INTEGRALS

Class : 12th Maths

Chapter- 8 : Applications of Integrals

The area of the region enclosed between
two curves y=f(x),y=g(x)
and the lines x=a, x=b is given by

= j“[./'(.\')—g(_\' )]d\'.where_/'(.\')z g(x) in [u.h]
For ueg: To find the area of thc: region bounded by
the two parabolas y = x"and y” = x
(0,0) and (1,1) are points of intersection of y = x*and
yi-xandy’=x=>y=4/x= f(x),and y=x*=g(x)
, where f(x)2g(x) in [0,1]

Area, A= j'[_/'(.\')— g(x )]d\‘
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Applications of
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1ff(x)> g(x)m [a.c]and f (x)< g(x)

infC

< I[f(X) g(x )]dHI[g() 1 (x)]x

] a<c<b, then the area is

i The area of the region bounded by the curve ;
i x=f(»),y—axis and the lines y=cand y =d(d > ¢)

H d d
i is given by 4= IXdJ’ or J'f(y)afv.

i For eg : the area bounded by x = y*, y — axis in the
i I quadrant and the lines y=1 and y=21is

,

ool

: The area of the region bounded by the
: curve y =f (x), x- axis and the lines
i x=a andx b(b > a)is givenby

P A= jydx or jf(x)dx
For eg : the area bounded by

y=x2, x-axis in I quadrant and
: the lines x=2 and x=3 is -

Area under simple
curves
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08 APPLICATION OF INTEGRALS

Important Questions
Multiple Choice questions-

1. Area lying in the first quadrant and bounded by the circle x* + y* = 4 and the lines x =
Oandx=2is

(@)
A
OF
i
(c)3
i
OF
2. Area of the region bounded by the curve y? = 4x, y-axis and the liney = 3 is
(a) 2
9
()2
9
()
9
()2
3. Smaller area enclosed by the circle x* + y* =4 and the linex +y = 2 is
(@) 2 (m-2)
(bym-2
(c)2m-1
(d) 2 (m+2).
4. Area lying between the curves y* =4x and y = 2 is:
2
(a) 5
1
OF

1

()

(d)>
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08 APPLICATION OF INTEGRALS

5. Area bounded by the curve y = x>, the x-axis and the ordinates x =-2 and x =1 is
(a)-9
15
(b)-=
15
(c)

(d)=

6. The area bounded by the curve y = x|x|, x-axis and the ordinatesx =-1 and x =1 is
given by

(@) 0
1

(0)-3

2
()3

4
OF
7. The area of the circle x* + y* = 16 exterior to the parabola y* = 6x is
(a) T (4 - V3)
(b) (47 +V3)
()= (8m-V3)
() 7 (8m+ V3)
8. The area enclosed by the circle x> + y* = 2 is equal to
(a) 4m sq. units
(b) 22 1 sq. units
(c) 4m? sq. units
(d) 21 sq. units.

2

2
9. The area enclosed by the ellipse % + Z—z =1 is equal to

(a) m2ab
- WhatsApp for Notes
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08 APPLICATION OF INTEGRALS

(b) Tab

(c) ma®b

(d) mab?.

10. The area of the region bounded by the curve y = x* and the line y = 16 is

() =

256

(b) £

(0=

128

() 22

Very Short Questions:

1.
2.

Find the area of region bounded by the curve y = x? and the line y = 4.
Find the area bounded by the curve y = x3, x = 0 and the ordinates x = -2 and x = 1.

Find the area bounded between parabolas y? = 4x and x? = 4y.

Find the area enclosed between the curve y=cos x,0 <x < % and the co-ordinate axes.

Find the area between the x-axis curve y'=cos x when 0< x < 2.

Find the ratio of the areas between the center y = cos x and y = cos 2x and x-axis for
x=0to

A
X==
3
Find the areas of the region:

{(xy):x2+y2<1<x+4}

Long Questions:

1.

Find the area enclosed by the circle:
x2 +y2=2a2 (N.CE.RT)

Using integration, find the area of the region in the first quadrant enclosed by the x-
axis, the line y = x and the circle x2 + y2 = 32. (C.B.S.E. 2018)
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08 APPLICATION OF INTEGRALS

3. Find the area bounded by the curves y = Vx, 2y + 3 = Y and Y-axis. (C.B.S.E. Sample
Paper 2018-19)

4. Find the area of region:

{(xy): x? + y? < 8, x? < 2y}. (C.B.S.E. Sample Paper 2018-19)

Case Study Questions:
1. Ajay cut two circular pieces of cardboard and placed one upon oth wn in figure.
One of the circle represents the equation (x - 1)2+ y2=1, wh@ ircle represents

the equation x2 + y2 = 1. ;

Based on theab

i ormat% r the following questions.
ieces of card meet each other at

I. Both t

1
2
1
3
1
4

Ii. Graph of given two curves can be drawn as.

a.

SHIVOM CLASSES - WhatsApp for Notes (8696608541)



08 APPLICATION OF INTEGRALS

1
~ Ay  x=c (x-1)2+)%=1

I 2
R
+
K
x,< OKW >x
\ 54
b.
T 1 Ay
Ni\ xz_E x2+y2: 1
: K
B
P> X

d. None of these
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08 APPLICATION OF INTEGRALS

T V3
a§ — 8§
T, V3
b§ T %
s iﬁ
C'E 1
E_ﬂ
::1.2 1

1

Iv. Value off'wl —Xidxis.

1

E]
x ., V3
a.ﬁ—l— 1
x ., V3
b.ﬁ—i— 3
x_ V3
C6 — 8
d aw _ﬂ
) 4

b. | & — %) sq.units
c| 3+ %) sq.units
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08 APPLICATION OF INTEGRALS

2. Location of three houses of a society is represented by the points A(-1, 0), B(1, 3) and
C(3, 2) as shown in figure.

Based on the above information, answer the following questions

(i) Equation of line AB is.

ay= %(x—l— 1)
by= %(x— 1)
cy=3(x+1)
dy= z(x—1)

(i) " Equation of line BC is.
ay—lx_1I
by=3Xx— +
cy= _TIX—I— %
ay=35%x+3

(iii) Area of region ABCD is.
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08 APPLICATION OF INTEGRALS

1.

2.

9.

10.

a. 2 sq. units
b. 4 sqg. units
C. 6. units
d. 8sq. units

(iv) Area of AADC is,

a. 4 sqg. units
b. 8 sqg. units

c. 16 sqg. units
d. 32 sqg. units

(v)Area of AABC is.

a. 3 Q. units
b. 4 sq. units
c. 5sqQ. units
d. 6 sq. units

Answer Key-
Multiple Choice questions-

Answer: (a)
Answer: (a) 2
Answer: (b) - 2
Answer: (b) %
Answer: (b) - 1:5
2
Answer: (c) 3
Answer: (c) % (8m-+/3)

Answer: (d) 2 sq. units.

Answer: (b) mab

Answer: (b) 2756

Very Short Answer:
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08 APPLICATION OF INTEGRALS

.32 :
1. Solution: ~ 5. units.

.17 :
2. Solution: ~ 5. units.

. 16 :
3. Solution: ~ 59 units.

.1 :
4. Solution: 5 Sq. units.

5. Solution: 4 sq. units

6. Solution: 2: 1.

7. Solution: % (- 1) sq. units.

Long Answer:

1. Solution:

The given circle is

Area of the circle=4 x (area of the region OABO, bounded by the curve, x-axis and
ordinates x=0,x = a)

[ ~+ Circle is symmetrical about both the axes]
=4 foa ydx [Taking vertical strips] o

-4 [ Va? — 2z

[~(1)=2y=ty/a* —=x
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08 APPLICATION OF INTEGRALS

But region OABO lies in 1st quadrant, .. y is + ve]

i 2
X at . x
=4|=Ja* —x* + —sin”' =
| 2 2 aj,

=4 {525 (0)+ %sin" (1]} —{0+ {]}]

4 a n _
=%7332 = fta® 8q. units.
2. Solution:
We have:
y=x..(I)
and x2 + y2=32 ...(2)

(1) is a st. line, passing through (0,0).and (2) is a circle'with centre (0,0) and radius
4+/2 units. Solving (1) and (2) :

Putting the value of y from (1) in'(2), we get:

X% +x2=32

2x2 =32

x?=16

X =4,

[~ region lies in first quadrant]

Also, y =4

Thus, the line (1) and the circle (2) meet each other at B (4,4), in the first quadrant.

Draw BM perp. to x — axis.
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08 APPLICATION OF INTEGRALS

Y
A
],r=1'
B4, 4)
. (0. 0oL
X' - - o
M JA (42, 0)
 j
M

= Reqd. area = area of the region OMBO + area of the region BMAB'...(3)

Now, area of the region OMBO

ydx [Taking vertical strips]
x ‘ 1
Ii’f:[— == (16-0)=8.
2
Again, area of the region BMAB
d4y2
= ]’- y dx [Taking vertical strips]

= 1,|||32 -JC:I' dx

[v¥=32-d=y= J312-x°, taking +ve

sign, as it lies in Ist guadrant]

4
.2
J

442
=j (@2) - x? dx
4
42
x 432 - +32 . X
= =—35ln —=
2 2 42
4

={l 442 %0 + 32 sin”' (l}}
2 2
4 32 1
12 32-16 + =sin™' —
{z 2 ﬂ.ﬁ}

={]+]ﬁ[E)—(ZK4+16XE)
2 4
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08 APPLICATION OF INTEGRALS

=8n-(8+4m)=4n-8

~ From (3),

Required area = 8 + (41 - 8) = 4m sq. units.
3. Solution:

The given curves are

and 2y + 3 =X ...(2)
Solving (1) and (2), we get;
N TR

Squaring, 2y + 3 =y2
=>y22-2y-3=0
=>(y+1)(y-3)=0=>y=-1,3
>y=3[vy>0]

Putting in (2),
x=2(3)+3=0.

Thus, (1) and.(2).intersects at(9, 3).
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08 APPLICATION OF INTEGRALS

Y
A
y+d=x
b 1.=‘~i'-1.-
{9, 3)
- -
ﬂ#fff .
g

3 1.,

Reqd. Area = jﬂ {2_v+3]|dy—_[“ yidy
- |2 +3 § 3 — L
= [ vl [3]

27
(9+9)- (—3‘]

= 0+ 9-9=9s5q. units,

3

]

4. Solution:

The given curves are;

o g

Solving (1) and (2):

8 - y?=2y
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08 APPLICATION OF INTEGRALS

=>y2+2y-8=0

= y+4)(y-2)=0
=y=-4,2
=>y=2.[vy>0]
Putting in (2),x? =4
=>x=-20r2.

Thus, (1) and (2) intersect at P(2, 2) and Q(-2, 2).

2
.. Required area = J-z2 V8—x'dx— fz x? dx

=2 [jjaj::zﬁr‘* _xzdx..jn*§dx]

2
w8-x' 8 . L «x |
= +— — || ==
2 2 2 (2@ )L 3[1 b

1 1
—a|2+4sin”| — |-0|-=[8-0
_zh + 4sin (ﬁ] ] 3[ ]

my 8 4
=4+8| - |-=-= - its .
(4] 3 [2n+3)sq. units

Case Study Answers:

1. Answer:
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08 APPLICATION OF INTEGRALS

i (b) X =

b | b=t

Solution:

We have, (x - 1)2 + 1.!2 =1

=y=+1—(x—1)2

msox? +y2 =1
Y

From (i} and (ii), we get

VI-(x-1)?=y1-x2

= (x—1)2 =x2

= 2x =1
_ 1
:>-X_§
i (c)
_1
N A 5 ‘1“
% Y
mx% /e

e >/o (1,0)
N
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08 APPLICATION OF INTEGRALS

3
iii. (a) % — %
Solution:

1

VTG + e (222))

0

I
b5 | =
o~
b | =
|
S
|
=
_|_
b | =
_|_
&,
uI
[
o,
|
b | b=t
—
|
F'.H.‘\'
|
b | =
N

_x_ VB
6 8

3
w.{c)%—%
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08 APPLICATION OF INTEGRALS

v. (d) (2—” — %) sq.units

Solution:

1

=2 f\/l— x—l)ﬂderfﬂdx]

. T v’ﬁ T w’ﬁ

=2|% § ?]

=23 —%] = (2—3'” —%) sq.units
2. Answer :

i(a) y = %(x—l— 1)
Solution:
Equation of line AB is.y — 0= 1+1 MNx+1) =y = %(X +1)
() y = _Tlx—l— %
Solution:

Equation of line BCisy — 3 = ?( + ].)

iy:—%x—l—%—l—.‘Siy:_Tlx—l—%
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08 APPLICATION OF INTEGRALS

. (d) 8 sq. units

Solution:

Area of region ABCD = Area of ANABE —+ Area of region BCDE

1 3
:_flg(x—k l)dx—l—ir (_TIX—I— %)d}(

1 3
Afs] o[

1

b2 =1

311 1 —9 21 1
§[§+1_§+1]+[T+T+1_

= 3 + 5 = 8 sq.units
Iv. (a) 4 5g. units

Solution:

Equation of line ACis Yy — 0= %(X —+ 1)

=y = %(x—kl)

3 3
- Area of AADC = [ 1 (x +1)dx = [% N ;X]
1

=%—I—%— —|—%=45q.units

W [

v. (b) 4 =q. units

Solution:

Area of AABC = area of region ABCD - Area of AACD =8—-4=4 sq.units
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