MATHEMATICS

Chapter 7: Integrals
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INTEGRALS

Top Concepts

1. Integration is the inverse process of differentiation. The process of finding the function from
its primitive is known as integration or antidifferentiation.

2. The problem of finding a function whenever its derivative is'given leads to indefinite form
of integrals.

3. The problem of finding the area bounded by the graph of a function under certain conditions
leads to a definite form of integrals.

4. Indefinite and definite integrals together constitute Integral Calculus.
5. Indefinite integral [ f(x)dx = F(x) + C, where F(x) is the antiderivative of f(x).
6. Functions with same derivatives differ by a constant.

7. [ f(x)dxmeans integral of f with respect to x, f(x) is the integrand, x is the variable of
integration and C is the constant of integration.

8. Geometrically indefinite integral is the collection of family of curves, each of which can be
obtained by translating one of the curves parallel to itself.

Family of curves representing the integral of 3x2
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[ f(x)dx = F(x)+ C, represents a family of curves where different values of C
correspond to different members of the family, and these members are obtained by shifting
any one of the curves parallel to itself.

9. Properties of antiderivatives

[TF0) + g001dx = [ F(x)dx +fg(x)dx
jkf(x)dx = kj f(x)dx for any real number k
j [K,F,(X) + K,y (X) + 2vun + K (X) 1dX =k1jf1(x)dx +K, j £(X)dX + ... + K, j f (x)dx

where ki, ko, ... k, are real numbers and 4, f5, ... f, are real functions.

10.Two indefinite integrals with the same derivative lead to the same family of curves and so
they are-equivalent.

11.Comparison between differentiation and integration

Both are operations on functions.
Both satisfy the property of linearity.
All functions are not differentiable and all functions are not integrable.

The derivative of a function is a unique function, but the integral of a function is not.

A

When a polynomial function P is differentiated, the result is a polynomial whose degree
is 1 less than the degree of P. When a polynomial function P is integrated, the result is a
polynomial whose degree is 1 more than that of P.
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6. The derivative is defined at a point P and the integral of a function is defined over an
interval.

7. Geometrical meaning: The derivative of a function represents the slope of the tangent to
the corresponding curve at a point. The indefinite integral of a function represents a
family of curves placed parallel to each other having parallel tangents at the points of
intersection of the family with the lines perpendicular to the axis.

8. The derivative is used for finding some physical quantities such as the velocity of a moving
particle when the distance traversed at any time t is known. Similarly, the integral is used
in calculating the distance traversed when the velocity at timel'is known.

9. Differentiation and integration, both are processes involving limits.
10.By knowing one antiderivative of function f, an infinite number of antiderivatives can be
obtained.

12.Integration can be done by using many methods. Prominent among them are

1. Integration by substitution

2. Integration using partial fractions
3. Integration by parts
4

. Integration using trigonometric identities.

13.A change in the variable of integration often reduces an integral to one of the fundamental
integrals. Some standard substitutions are

x° + a’: substitute x.= a tan 0

x%-a? : substitute x = a sec 0

a’ — x* : substitute x = a sin 0 or.a cos 0

P
14.A function of the form % is known as a rational function. Rational functions can be

integrated using partial fractions.

15.Partial fraction decomposition or partial fraction expansion is used to reduce the degree
of either the numerator or the denominator of a rational function.

16.Integration using partial fractions

2 . This takes any

A rational function P& can be expressed as the sum of partial fractions if E 3

Q(x)
of the forms:

SHIVOM CLASSES - WhatsApp for Notes (8696608541) (3)



pPX +q A B

* ()(—a)(x—b)_x—a-'-x—b’a;éb
px+q A B
()(fa)2_><—a+(xfa)2

pX? + gX +r _A B C
(x-a)(x-b)(x-c) x-a x-b x-c

. px? +gx +r __A ., B C
(x-a)P(x-b) x-a (x-a) x-b

. px% + qx +r A, Bx+C

(X—a) (X +bx+C) X-a X’ +bx+c

where x? + bx + ¢ cannot be factorised further.

17.To find the integral of the product of two functions, integration by parts is used. | and Il
functions are chosen using the ILATE rule:
| - inverse trigonometric
L - logarithmic
A - algebraic
T - trigonometric
E - exponential is used to identify the first function.

18.Integration by parts

Integral of the product of two functions = (first function) x(integral of the second function)
- integral of [(differential coefficient of the first function) x (integral of the second
function)].

j f (%), (x)dx = fl(x)j f, (x)dx -j[%fl(x). j fz(x}dx}dx , where f; and f, are functions of x.

19.Definite integral f; f (x)dx of the function f(x) from limits a to b represents the area

enclosed by the graph of the function f(x), the x-axis and the vertical markers x = ‘a’ and x =
‘b’

>

0
a

o+h
a+2h
a+3h
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20.Definite integral as the limit of a sum: The process of evaluating a definite integral by using
the definition is called integration as the limit of a sum or integration from first principles.

21.Method of evaluating f:f(x)dx
i. Calculate antiderivative F(x)
ii. Calculate F(b) - F(a)

22.Area function

A(x) = jf(x)dx, if x is a point in [a, b].

H )
Ax)
XS4 X b N
v
Y Fig 7.3

23.Fundamental Theorem of Integral Calculus

e First fundamental theorem of integral calculus: If area function, A(x) = f(ff(x)dx for all
X > a, and f is continuous on [a, b]. Then A’(x) = f(x) for all x € [a, b]

e Second fundamental theorem of integral calculus: Let f be a continuous function of x in
. e d . :
the closed interval [a, b] and let F be antiderivative of af(x) = f(x) for all xin domain of

f, then

b
[ fx)dx =[F(x) + C[ = F(b) - F(a)

Top Formulae
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. Some Standard Integrals

n+1

J'x"dx= X +Cn=-1
n+1
_[dx=x+C

Icosxdx =sinx +C
Isinxdx ——cosx+C
J'ser:2 xdx =tanx +C
J'i.:r::rsem:2 xdx = —cotx + C
_fsecxtanxdx =secx +C

_[cosecxcotxdx =—cosecx +C

=sintx+C

J' dx

N

J'_ dx
J1-—x?

I dxz=tan‘1x+c
1+x

J'ldx2=—cot‘1x+c
+ X

IXF
IXF

jexdx: e*+C

—cos'x+C

—sec'x+C

—_—cosecix+C

x

FC

Ia“dx— 2
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_[ldx_log\xhc
X

[tanxdx = log|secx] + C

_[cotxdx =log|sinx|+ C

Isecxdx = log|secx + tanx| + C
_l'cosecxdx = log|cosecx — cot x|+ C

n+l
J(ax+b)" dx = (ax+b) +C,n#-1
a(n+1)

I 1 dx=llog|ax+b|+c
ax+b a

J'eax+bdx_ leaxn:l +C
d
bx+C
_[ab"*cdx=1—a +C,a>0,a=1
b loga

jsin(ax +b)dx _—%cos(ax +b)+C

Icos(ax +b)dx = %sin(ax+b]+c

J'tan(ax +b)dx = §I0g|sec(ax +b)+C

Icot(ax +b)dx = élog |sin(ax +b)| + C

Isecz (ax +b)dx= étan{ax+b)+c

Ico sec?(ax +b)dx = —écot{ax +b)+C

ISEC(EX +b)tan(ax +b)dx = éseqax +b)+C
Icosec(ax + b)cot(ax + b)dx =—lc05ec{ax +b)+C
Isec[ax +b)dx = élcg\sec[ax +b) +tan(ax +b) +C

_[cosec(ax +b)dx = élog|cosec[ax +b) —cot(ax +b)[+C

. Integral of some special functions
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X—a

’ v[xzd—xazzgal x+a+c
FEM
. I%zitan‘lgﬂi

. - xzd:‘az - icot 1Xic

dx 2 2
. —=Iog|x+ x“—a|+C
J 2~ toglx+ 67—

a’ —x° a
dx 1 X
. _[— —cos'24C
a’ —x° a
dx 1 _
. J' —ZsectZ 4 C
xyx2 —a> @ a
dx
. - - —cosec 2 +C

ax

. _[ee”‘ sinbxdx = ﬁ(asinbx —bcosbx)+ C

ax

. J'ea" cosbxdx =

o (acosbx + bsinbx)+ C

. J'Jaz—xzdx=%x~}a2—x2+%azsin‘1§+c
2 2 _1 2 2 1 2 2 2

. _Ha +X dx_gx\}a X +>a Iog‘x+«]a + X \+C

. J’sz—azdx=%x\}x2—az —%azlog‘x+«}x2—az

+C

3. Integration by parts
(i) [ £,006,00dx = £, £,(x)dx - I{%fl(x].‘[fz(x)dx}dx , where f; and f, are functions of x.

(ii),[ e* (f(x)+f'(x))dx=e*f(x)+C

4. Integral as the limit of sums:
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b
[ fOx)dx =(b—a)Limr—11|:f(a) +f(@+h)+....+ fla+ (n—1)h] where h = ?

5. Different methods of integration

1.

2.

P(X)

Evaluation of integrals of the form
(ax +b)

Steps:
i. Check whether degree of p(X) = or <n

ii. If degree of p(x) < n, then express p(x) in the form
A, +A, (ax+b)+ A, (ax+b)" +...+ A, (ax +b)""

iii. Write P(x) B, A P A

— as - — — . —
(ax+b)"  (ax+b)" (ax+b)"" (ax+b) (ax +b)
iv. Evaluate
j%dx A dx A [ L1 dx
(ax +b) (ax +b) (ax +b)

1 1
+A, | ————=dX + .. A | ———
ZI{a><+b}" ? lj(ax+b]

v. If degree of p(x) = n,then divide p(x) by.(ax+b)"and express
L)n as.q(x) + L)n, where degree of
(ax+b) (ax +

r(x) is less than n

vi. Use steps (ii) and (iii) to evaluate I% dx
ax +

Evaluation of integrals of the form [ (ax + b)Vcx + ddx

Step:
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i. Represent (ax +b)in terms of (cX + d)as follows:
(ax+b)=A(cx+d)+B
ii. Find A and B by equating coefficients of like powers of x on both sides
ii. Replace (ax+b) by A(cx+d)+ B in the given integral to obtain

J'(ax +b)Jox + ddx = _HA(cx v d) 4 B|«fcx - ddx
= Aj[cx +d gdx + B_[ Jox + ddx

=22 (ox ) + 2 (ox + ) + C

3. Evaluation of integrals of the form [ %dx

Step:
i. Represent (ax + b) in terms of (cx + d)-as follows:
(ax+b)= A(cx+d)+B
ii. Find A and B by equating coefficients of like. powers of x on both sides

iii. Replace (ax + b) by A(cx + d) + B in the given integral to obtain

J‘a><+l::‘ .‘-

CX+

= AIJC){+CICI)(+BI

|A(cx +d +B|

C)(+

dx
ch +d

2ZA 3 2B AL
=—(cx+d)2 + —(cx+d)z +C
o(oxrd)? + (ox )+

4. Evaluation of integrals of the form [ xdx, [ cos™xdx,wherem < 4

Let us express sin™ x and cos™x in terms of sines and cosines of multiples of x by using
the following identities:
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1-cos2x

i. sin°x=

2
. 2 1+ cos2x
ii. cos®x= —

ii. sin3x =3sinx —4sin® x
iv. cos3x =4cos’x —3cosx

5. Evaluation of integrals of the form

[ sinmx. cosnxdx, [ sin mx .sinnxdx, [ cos mx. cosnxdx

Let us use the following identities:

i. 2sinAcosB =sin(A +B)+sin(A-B)
i. 2cosAcosB =cos(A +B)+cos(A-B)
ii. 2cosAsinB =sin(A +B)-sin(A-B)
iv. 2sinAsinB =cos(A -B)-cos(A+B)

6. Evaluation of integrals of the form | f(x) dx

J'%x)dx — Iﬂg‘f(x)‘ +C

X)

7. Evaluation of integrals of the form

I(ax +b)'p(x)dx, j';)dx where p(x) is a polynomial
ax + b)

and n is a positive ratnonal number
Steps:

I.Substitute ax + b = v or x= v_b and dx:idv

n+l
ii. Now integrate with respect to v by using Iv”dv = h +C
+

ili. Replace v by ax+b

8. Evaluation of integrals of the form
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Jtan”‘ X - sec’” xdx,_[cotm X - cosec” xdx, m,n € N

Steps:
i. Rewrite the given integral as I = Itanm x - (sec® x]{n_“ sec? xdx

ii. Substitute tanx = v and sec’xdx = dv
Therefore,

I= _[tan’“ X - (5»:34:2 X)

(n-

1)
sec’ xdx

= Itan’“ x - (1+tan’ x]m_” sec? xdx

(n-1)

= Iv’“ (L+v?) T dv
iii. Use the binomial theorem to expand (1 + v* )En_l" in step (i) and.integrate

iv. Replace v by tanx in step (iii)

9. Evaluation of integrals of the form

jtanz'“'l x - sec™! xdx, _[ cot™ x - cosec?” xdx, where

m and n are nonnegative integers
Steps:

i. Rewrite the given integralas [ = J'(tanz x)m - (sec x]zn sec X - tanxdx

i. Put secx =v and secxtanxdx = dv
Therefore,

I= _[[se-::2 X — l}m -(seex)™" sec x~tanxdx
= I(vz — 1)rn vidv
iii. Use the binomial theorem to expand (vz - l)m in step (ii) and integrate

iv. 'Replace v by secx in step (iii)

10.Evaluation of integrals of the form f x.cos™ xdx, where m,n € N
Steps:

i. Check the exponents of sinx and cosx
ii. If the exponent of sinx is an odd positive integer, then put cosx = v
If the exponent of cosx is an odd positive integer, then put sinx=v

If the exponents of both sinx and cosx are odd positive integers, then put either sinx

=V Orcosx=yv

If the exponents of both sinx and cosx are even positive integers, then rewrite sin™
x cos" x in terms of sines and cosines of multiples of x by using trigonometric results.
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iii. Evaluate the integral in step (ii)

11.Evaluation of integrals of the form

J's.in”n x - cos” xdx, where m,n e Q, such that

m+n is a negative even integer.

Steps:

i. Represent the integrand in terms of tanx and sec’x by dividing the numerator and denominator
by cos*x, where k = =(m + n)

ii. Puttanx=v

dx

12.Evaluation of integrals of the form [ ——=———

Steps:

i. Multiply and divide the integrand by x? and make the coefficient of x2 unity
ii. Observe the coefficient of x

2
iii. Add and subtract (% coef ficient x) to the expression in the'denominator
[( b T 4ac - bzl
X+ —| +———
. - o |7 2a 42 |
iv. Express the expression in the denominatorin the form
v. Use the appropriate formula to integrate.

dx

13.Evaluation of integrals of the form [ ——=——

Steps:

i. Multiply and divide the integrand by x? and make the coefficient of x? unity
ii. Observe the coefficient of x

2
iii. /Add and subtract (E coefficient x) inside the square root

[ b Jz 4ac —b’ l
X+—| + ———

. o . 177 2a 4 |

iv. Express the expression inside the square root in the form

v. Use the appropriate formula to integrate.

px+q

14.Evaluation of integrals of the form [ Pibric

Steps:

i. Rewrite the numerator as follows:
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p>t:+q=1'3k{i(ax2 +bx+c)}+B
dx

= px+q=A{2ax+b}+B
ii. Find the values of A and B by equating the coefficients of like powers of x on both sides
iii. Substitute px+q by A{2ax + b} + B in the given integral

Therefore, j—qd Ajﬁdx+5fz;dx
ax? +bx +c¢ ax” +bx+c ax” +bx +c

iv. Integrate the right-hand side and substitute the values of A and B

15.Evaluation of integrals of the form f 2—bx+dx where p(x) is‘a polynomial degree

greater than or equal to 2

Steps:

i. Divide the numerator by the denominator, and rewrite the integrand as

a(x)+ % , where r(x)s a linear function of x
ii. Thus,
px +q r(x)
——— 1 dx=|g(xdx+ | ———"—dx
J‘a}«{"3+l:1><+c Iq( A jax +bx +c

iii. Integrate the second integral on the right-hand side and apply the appropriate method

16.Evaluation of integrals of the form-f % X
ax X+C

Steps:

i. Rewrite the numerator as follows:
PX +q = A{dd (ax +bx+c)}+B
= px+g=A{2ax+b}+B
Find the values of A and B by equating the coefficients of like powers of x on both sides
iii. Substitute px + g by A {2ax + b} + B in the given integral
PX + q 2ax +b 1

B
X +bx+c '[Jax +I3x+c IJax2+bx+c
iv. Integrate the right-hand side and substitute the values of A and B

dx

Therefore, _f
Jax?

17.Evaluation of integrals of the form
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J- dx j- dx j- dx

asin’x+bcos’x’? a+bsin’x’! a+bcos? x’
dx dx

I . 2‘_‘ ] 2

(asinx + bcosx)” * @+bsin”x + ccos” x

Steps:
i. Divide the numerator and denominator by cos?x
ii. In the denominator, replace sec? x byl + tan? x
iii. Substitute tan x = v; sec? xdx = dv

iv. Apply the appropriate method to integrate the integral [ —aUZwac

18.Evaluation of integrals of the form

J' dx I dx j‘ dx
asinx +bcosx’'' a+bsinx'! a+bcosx’
J' dx

a+bsinx +ccosx
Steps:

2ta=.|r*|E 1-tan® =

i. Substitute sinx = —X,cosx = »
1+tan’ = 1+tan’ 2

2 2

X X
ii. Inthe numerator, replace 1 + tan? 5 by sec? 5

i, Substitute tan > = vi2 Sec@Xdx = dv
227 2

iv. Apply the appropriate method to integrate the integral jﬁ
+bv +

19.Alternate method: Evaluation of integrals of the form
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.[ dx

asinx + bcosx
Steps:

Substitute a =rcos6,b =rsing;
where r=ya’ + b?, 8=tan“{9}
a
= asinx +bcosx =rcos®sinx +rsinfcosx =rsin(x +0)

dx 1 x 1 4 b
j‘ : = logltan| = + = tan™ =
asinx +bcosx g + b? 2 2 a

+C

20.Evaluation of integrals of the form

dx

J-asinx+bcosx

csinX +dcosx
Steps:
i. Substitute

Numeraror = A(Differentiation of denominator) + B(Deno minator)
That is asinx+bcosx=A (ccosx= dsin x) + B(csinx +dcos x)

ii. Compare the coefficients of sinx and cosx on both the sides and get the values of A and B
iii. Replace the integrand by A(ccosx —dsinx) + B(csinx + dcosx)

: : asinx + bcosx .
iv. Hence, the value of the integral I - dx is

csinX + dcosx
= Alog|csinx +dcos x| + px +C

21.Evaluation of integrals of the form

dx

J- asinx + bcosx +¢
MSIiNX + NCOS X + P
Steps:
i. Substitute
Numeraror = A (Differentiation of denominator) + B(Denominator) + K

That is asinx+bcosx+c =A(mcosx —nsinx) + B(msinx + ncosx + p) + K

i. Compare the coefficients of sinx and cosx and constant terms on both the sides and get the
values of A, B and K

ii. Replace the integrand by A(mcosx —nsinx)+B(msinx +ncosx +p)+K

iv. Hence, the value of the integral j asinx+bcosx +c dx is

MSINX +NCOS X + P

= Alog|msinx + ncos x +p\+Bx+pI L dx

MSiNX +NCOSX +p
v. Evaluate the integral on the right-hand side by any appropriate method
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22.Evaluation of integrals of the form

je"’ [£(x)+f(x)] dx
Steps:
i. Write the given integral as
_[e" f(x)+f (x]|dx = _[e"f (x)dx + _[e“f’{x]dx
ii. Find the integration for the first term by parts
iil. (Cancel out the second integral with the second term obtained by integration by parts
iv. Thus, the above result holds true for e

[e[f(x)+f(x)] dx=e*+C

23.Evaluation of the integrals of the form [ Vax2 + bx+ cdx
Steps:

. _ b (
i. Take ‘a’ common inside the square root so as to get X’ + — X + =
a a

d d d

2 2
4ac —

ii. Add and subtract the appropriateterm to x* + E X + £ to.get the term [x + EEJ - %Zb
a

iii. Now evaluate the integral using the appropriate formulae

24.Evaluation of the integrals of the form [ (mx+ n)Vax? + bx + cdx

Steps:

. ) d
i. Rewrite mx +n.as mx+n:A-d—(ax2+bx+c]+Es
X

Thatis, mx +n = A(2ax +b)+B
ii. -Equate the coefficients-of x and constant terms on both sides to get the values of A and B
iii. . Substitute mx +n by A(2ax +b)+B

iv. Now evaluate the integral using the appropriate formulae

25.Evaluation of the integrals of the form
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I x? +1 ,I x? -1 I 1

x* +kx? +1 VT VVCRNE Rl dx where k R

Steps:

x* +kx? +1
i. Divide the numerator and the denominator by x>

2
ii. Write the denominator of the integrand in the form of [x + l) +m’

ii. Write d{x + 1] or d(x - l] or both in the numerator
_ X X

: 1 1
iv. PutX+—=vorx-—=v
X X
v. Evaluate the integral using the appropriate formula

26.Evaluation of integration of irrational algebraic functions,

_[ _ f(x) dx where g,h,m,n e R
(gx +h)ymx +n

Step: Put mx + n = v?to evaluate the integral

27.Evaluation of integration of irrational algebraic functions,

f(x)
dx wh ,g,h/m,neR
'[(rx2+gx+h] in) Lo eb ) ©

Step: Put mix + n'= v’to evaluate the integral

28.Evaluation of integration of irrational algebraic functions,

'[ 1 dx where g,h,m,n,p eR

(gx+ h].\/mx’1 +NX+p

Step: Put gx +h = l‘u:J evaluate the integral
v

29.Evaluation of integration of irrational algebraic functions,
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_[ - 1 dx where g,h,m,neR
(9x* +h) JmxZ +n

Step:
i. Putx= l
v
Therefore, I = J' —vdv
(g + hvz)\/m +nv?

Now substitute m + nv? = w?

6. Properties of definite integrals

b
f(x)dx =j f(t)dt

e T TR

f(x)dx = — j f(x)dx
b
In particular,jf(x)dx =0
b c i b
o [f(x)dx :j f(x)dx + _[f(x}dx
. . “
o [f(x)dx =[f(a+b-x)dx

a

f(x)dx =_a[f(a— x)dx
0

.
N O t— W

w

f(x)dx =_a[ f(x)dx + Tf(2a - x)dx
0 0

o ot—

f(x)dx =2T f(x)dx, if f(2a — x) = f(x)
Q

0 Jff(2a— x) = —f(x)

a

a

jf(x}dx =zjf(x)dx,iff(_x) = f(x)
Q

—a

-0 JIFF(=x) = —f(x)
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/ Class : 12th Maths -».‘
' Chapter- 7 : Integrals
AN .//
i S S . gesspoazanssanne BAAIARRARAARRRRR AR AL R SRRRLED RS RIAL SRR RS RS S 4
: The method in which we change the variable to some : i @ IX"dx—j +c,n#-1like, [dx=x+c :
! other variable is called the method of substitution (ii) Icos i (iii) I e
: ItaHde=10g|Secx|+c ICOthx=10g|Smx|+c (iV)Iseczxdx—tanx+c (V)Icosecz xdx=—cotx+c¢
— s
jsecxdx log|secx+ tanx| +cC Jcosecxd‘c log|cosecx cot v| +c (VI)J'sec,\tanxdx oo (Vll)jcosecxcot\'dx—~coz,ecx+c‘

(viii) I\/———Sln x+c (ix) j

(x) Im=tan"x+c

7 (Xii)Je‘dx e +6 (xiii)!nx,jx:L+c
: loga

(xiv) vsec" x+cdlhon) [—F%__
: I ‘7 el \ )‘[x\/xZ =1
(XVl)_[ Sdx = log|x| 4 c

------------------------------------------------------------------

Some Standard
integrals

- 2
é(i) Isz—aZ dxz%x/xz—az—%log‘x+ =g

=—cosec’x+c :

It is the inverse of differentiation. Let, d—F(\') f(x). Thean( )dx=F (x)+c,'c'

constant of integral. These integrals are called indefinite or general integrals.

: Properties of indefinite integrals are

) j[f(x)+g(x ]dxfjf(»()mjg(x)dx (ii) jkf(x)dx=kjf(x)dx,

H 2
i(ll j\/x +0a dx_ngx +a +%]og|x+ gt c
(Inte ration by substitution
g ¢ Y .(m)'f\/a -Xx dx—%xlu -X +%sm —+c.
............................................... i"tegratlon.of -IIIIIIIIIII.IIII.Il.lIIIIIIIIlIIIIII.IIIIIIIIIIIIIIIIIIII'
:Let the area function be defined by e sper
éA(x) j f(x)dex>a,
Ewhere f is continuous on [a,b] E = Somie apecial typer
ithen A'(x)=f(x)Vx & [a,b] R Integrals e
K First fundamental
~| theorem of integral
calculus
f second fundamental ]
theorem of integral Calculus
p'a“,‘jf,'if;j;‘,f,’:s ,n/42 .................
j sin” xdx
Let fbea contmuous function of x defined on [a b] and let F be another function such that —n/4
_F(x) f(x)Vx edomain of f, thert" f()dx=[F(x)+ c] =F(b)-F(a).This is called the ot . 2
: dx =2 I sin” xdx
deﬁmte integral of f over the range [4,b], where a and b are called the limits of mtegrahon
a being the lower limit and b be the upper limit. : . /4
0 J- (l cost)d :
: = )l p
A rational function of the form (Q( ) 0) ( ) o ) ( ) : 5 "/4 :
i has degree less than that of Q(x) We can integrate Q‘E ;by expressing = I (1 —Cos Zx)dx
: X : : 0 :
o : : . /4
¢ itin the following forms — () Pl % I B ,a#b. i 1 sin2x |
: (x- a)(x b)xa 2—b : =l Xx——
H (i) px+q _ A B (i) px +qx+r A B € s 1 2
(x+a) x-a (x a) (—)(1 b)(x- c)x 2 x-b x- e} L
( p’+qx+r A ( ) px*+qx+r A A Bx+C i 4 2
—(A a) (x b) - (x a) (l a)(A +b\+c) x—a X +bx+c § --------------------------------- .
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Important Questions

Multiple Choice questions-

1. The anti-derivative of (Vx + \/—1X) equals

1 1
(a) %13 +2x2 +¢

4 1 129
i —

(a) 33
3, 1 129
+—+—

(b) x R
@2+ 112

8

3, 1 129
@ ¥ A

3. 102" +407 loggd 0
RS TS T
(a) 10x-x10+ ¢

dx equals

(b) 10x+x10+ ¢

(©) (10% - x19)-1 +

(d) log (10% + x19) + c.
i dz

4. | sinlreosiz equals

(a)tanx + cotx + c

(b)tanx -cotx +c
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(c)tanxcotx +c

(d) tan x - cot 2x + c.

. 2 _
5. 1755~ dxis equals to

3
LCOEST

(aJtanx +cotx+c
(b) tanx + cosecx + ¢
(c)-tanx +cotx+c

(d) tanx + secx + c.

6. (1)
" cos?(ze?)

(a) -cot (xeX) + ¢

dx is equals to

(b) tan (xeX) + ¢
(c) tan (eX) + ¢
(d) cot (ex) +
fdz
" r?42r+2
(a)xtanl(x+ 1) +c

equals

(b)tan! (x+1) +c
(c)(x+1)tanlx +c

(d) tanlx +ec.

dx
' 1,.‘_"}9—2532

(a) sin”! [i{] +cC
3

lsin_l(s—xj +c
®) 3 3

~l~lu [3+5x]+¢
c) 6 ¢ 3-5x

—1—1:} [3+5x)+c
@) 35°8(375,)7 ¢

9, [ xdz
" (z—-1)(x—-2)

equals

equals
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2
(a) log [x-z]

(b) log

x=1 3
1
o (2=

(d) log [(x - 1) (x - 2)] + c.

[ dx
. Jm equals
(a) log || % log (x* + 1)+ C
(b) 5 log [x] + 3 log (x* + 1) + ¢
(c) -log [x] + 3 log (x* + 1) +
(d) log |x| + log (x* + 1) + C

Very Short Questions:

3+3cos x

1. Find [

dx (C.B.S.E. Sample Paper 2019-20)

X+sinx

2. Find: [ (cos? 2x - sin? 2x)dx. (C.B.S.E. Sample Paper 2019-20)

3. Find: [ ﬁTd;_zF (C:B.S.E. Outside Delhi 2019)

x3—1
X2

4. Evaluate [ 2= dx (N.C.ERT.CB.S:E. 2010C)

P2 2
5. Find: [ 22X gx (A.L.C.B.S.E. 2017)
SIN X COS X
6. Write the value of | de
X“+16

7. Evaluate: [ (x3 + 1) dx. (C.B.S.E. Sample Paper 2019-20)
8. Evaluate: f|””e*(sin x - cos ) dx. (C.B.S.E. 2014)

9. Evaluate: [ V4 — x? dx (ALC.BS.E. 2014)

10. E
valuate: If f(x) = fgc t sin t dt, then write the value of f' (x). (A.I. C.B.S.E. 2014)
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Short Questions:

1. Evaluate:

2 —r
J" cos 2z+2 sin C0s2z+28i0° z 4. (0 B SE)
cos? r

sec? x

2. Find: J- m dx

. . T T
3. Find: [ /1 - sin 2xdx, 7 <x <7

4. Find [ sinx.log cos x dx (C.B.S.E 2019 C)

in% x)sec? x
1+x2

3)

2
5. Find: [ &S dx (CBSE Sample Paper 201819)

6. Evaluate f dx (CBSE Sample Paper 2018-19)

7. Find [sin"! (2x) dx

8. Evaluate: ffn(l - x?%) sin x cos2 x dx.

Long Questions:

sin® x + cos® x

1. Evaluate: | dx (C:B.S.E. 2019 (Delhi))

sin? x cos? x

os(x+a )
in(x +b)

2. Integrate the functlon r.t. X, (C.B.S.E. 2019 (Delhi))
3. Evaluate: J x2 tan'' x dx. (C.B:S.E. (F) 2012)

4, Find:{ [log\(log x) + q

------

Case Study Questions-

1. Integration is the process of finding the antiderivative of a function. In this process, we are
provided with the derivative of a function and asked to find out the function (i.e., Primitive)
Integration is the inverse process of differentiation.

Let f (x) be a function of x. If there is a function g(x), such that d/dx (g(x)) = f (x), then g(x) is
called an integral of f (x) w.r.t x and is denoted by [f (x )dx = g(x) + ¢, where c is constant of

integration.

(i) [(3x+4)3 dx is equal to:
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(3 + 4)* 3(3x + 4)*
(a) ———+c (hy ———+¢

12 4
c 2 . 2
{L"'J' M+C {d'} M-}-C
2 1
() J% dx is equal to
11 o
(a) log|x| +¢ (b) logl|x| +2tan 'x+¢

(€ —doglx®+1|+e (d) loglx(x*+1)| +¢

(iii) [sin2(x) dx is equal to:

x sin2x X sin2x

(a) §+ 1 +e (b 3 1 +c
(c) r+3u;2j:+c (d) I_51r;2.r+e

(iv) Jtan2(x) dx is equal to:
(ajtanx+x+c(b)—tanx—-x+cC

(C)—tanx+x+c(djtanx—x+¢

j# is equal to
(V) SN~ XCc0s™ X

(a) 2tan 2x + ¢ (b —2 tan 2% Fe
() —2cot 2x4 e (d) 2 cot 2x+ ¢

2. When the integrated can beexpressed as a product of two functions, one of which can
be differentiated and the other can be integrated, then we apply integration by parts. If
f(x) = first function (that can be differentiated) and g(x) = second function (that can be
integrated), then the preference of this order can be decided by the word “ILATE”,
where

[ stands for Inverse Trigonometric Function
L stands for Logarithmic Function

A stands for Algebraic Function

T stands for Trigonometric Function

E stands for Exponential Function, then

[Fe)gxdx = fx)] glx)dx - { ;_1 f(x)] g(x)dx }»dx

(i) [x.sin3x dx =
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reosdx  sindx
+e

a) =

{ 3 a

(b) _xcos 3x . sindx

3 9
(c) xreosde +51n3x
3 g

reosdy  sindx

dy — _

i) 3 9

(ii) [log(x + 1) dx =

a)log(x+1)—x+c

(

(b)xlog(x+1)—x+cC
c)xlogx+1)—log (x+1)+x+cC
(

dixlog(x+1)+log(x+1)—-x+cC

[ ¥ .
(a) Y (9 +6x+2)+ ¢

ar

5 o
(k) T (9 —6x+2)+ ¢

Eﬂx
(c) 27 (9" + Bx+2) + ¢

i‘."jh-
(d) E(‘h“t — G 2+ ¢

(iv) [ (g0 [2(a(x)) dx =

(a) i)z’ (x) — fx)gix) + ¢
(b) fla)glx) + f(x)eo + ¢
(e} flxdelx) — fix)g'(x) + ¢
f(x)
(d) —=+¢
: g@)

Answer Key-
Multiple Choice questions-

1. Answer: (c) % XTI +2xT +C
2. Answer: (a) x* + + lsﬂ
=

3. Answer: (d) log (10* + x10) + c.
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4. Answer: (b)tanx -cotx+c
5. Answer: (a)tanx + cotx + ¢
6. Answer: (b) tan (xeX) + ¢

7. Answer: (b) tan! (x+ 1) +c

8. Answer: (b) ! sin” [E’T‘“}+c
]

9. Answer: ( Iogl |+ C

10.Answer: (a) log || log (x* +1) + ¢

B3| =

Very Short Answer:

1. Solution:

I - J' 3+3cosx

— dx =3 logIx + sin xl + c.
X+sinx

[* Num. = L denom.]
dx

2. Solution:
I=[cos4xdx= sin 4
3. Solution:
1= | dx
V5 - 43— 232
1 _[ dx
V2 > —2x—x*
2
= dx
2
. [‘ﬁ] (x+1)°
V2
= —~=-.1n I:J_ (x+1):|+C
4. Solution:
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x x
= —=—+c

2 =1

2

X
= ?‘F +c,xz20

5. Solution:
I = 'sinzx—cﬂszxdx

4  sinxcosx

- 2
sin? x cos
= | ~————dx - I
J sin xcosx 510 X COS .x

= .tan xdx—I-:otxdx

-

loglsecx|—-loglsinxl+c

6. Solution:
Bl s
x“+16 4% +%°
| “Form : J zdx 3 "
a +x
= lI.zm_l Zye
4 4
7. Solution:

=% x3dx+[°,1-dx=11
=0+ [11:]2_2 [~ 11 is an odd function] =2 — (-2) = 4.
=2-(2)=4.

8. Solution:
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fon/z e* (sin x - cos x)dx

2 .
fon/ e* (-cos x + sin x)dx

I” Form: [ex (f(x) + f'(x) dx”
= [e*(— cos z)]3/?

= -e /2 ¢cos g +e%cos 0
=-e™2(0)+ (1) (1)

= 0+1=1

9. Solution:
2 2
[Va-x?dx= [V2? —x" dx
0 0
I“Form : J- 1s‘I'.a:r2 - x2dx”

2
xWad-x* 4 _x
= +—sin_ —
2 2 2

0

= [0+ 2 sin1(1)] - [0'+ O]
=2sin'}(1) =2(m/2) =™

10. S
olution:

We have: f(x) = f;c t sin t dt.
f(x) =xsinx. = (x) - 0
[Property XII; Leibnitz’s Rule]
=xsinx. (1)

=X Sin X.

Short Answer:
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1. Solution:

dx

cos 2x + 2sin” x
I= I

CGSE X

j {1- 2sin? x)+ 2sin® x

Cﬂﬁz x

dx

1
Jmszxix=j.sec2xdx

=tfan x + c.

2. Solution:

sec? x

VtanZ x + 4

Put tan x = t so that sec? x dx = dt.

DT dt
S N

=log |t +VtZ + 4| +C
=log |tanx + Vt? + 4| + C

3. Solution:

I= [J1-ﬁn2xdx

= J-\f(-“viﬂz X+ cos’ x)=— 2sin xcos x dx

= J\/(sinx—ms.t}z dx = _[(sinx-msx}dx

=—cosx=smx+C

4. Solution:
[sinx . log cos x dx
Putcoxx=t
so that - sin x dx = dt
i.e., sin x dx = - dt.

~1=-[logt.1dt
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=-[logtt-J1/t.tdt]
[Integrating by parts]
=-[tlogt-t]+C=f(1-logt)+C
=cosx (1 -log (cos x)) + C.

5. Solution:

P I 2

(x° +sin” x)sec” x
I= 3 dx
’ I+x

2
ec” x dx

(] a+x?)+sin® x-1) .
1+ x*

. 2.0
cos” x
= - 3 sec’ x dx
1+ x )

F 1

dx
J 14Xt

= | sec’ xdx—
=tanx—tanrlx+c.

6. Solution:

_ [ elz—3)
| = f {1_1]3 dz

= IEI &FL_?E]JI
| (x—Ty

IEI- 12
(x=D* (x=1)°

“Form: [ ¢* [f(x)+ f'(0)dr"

e’

(x=1)°

+.

7. Solution:
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I= _[sin'I(Z:r)dr = fsin_]ﬂx} 1dx

=sin~1 (2x) . x - : (2)(x)dx
‘[ J1-4x2
[Integrating by Parts]
= xsin™! (2v) - 2 ix

V1-4x
= xsin™! (2x) + % | a-4x*)"2(-8x)ax

=xsin! (2x) + -~ ————+C
x s (2x) 2 172
1
= x sin~! (2%) + E 1.!'1—4.x2 +C.
8. Solution:

Here, f(x) = (1 - X?) sin x cos? x.
f(x) = (1 - x?) sin (-x) cos? (-x)
= - (1 - x?) sin x cos? x
= -f(x)
= fis an oddfunction.
Hence, I = 0.

Long Answer:

1. Solution:
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dx

J‘ sin® x + cos® x

s 2 2
5in XCoOs X

{:iin2 x+cos? 1}3 -

_J 3sin® xcos> ;uc(s-iu2 x+cos? x)

Sin2 xmsz X

dx

[a’ +b” =(a+b)’ - 3ab(a+b)]

i (1}3 —3sin? x cos’ x (1)
= o 2 dx
’ sin“ x cos“ x

¢ 1-3sin® xcos® x
= -2 2 dx
- sin” x cos” x

I 1
- ‘ﬁ—a .-:ix
Y lsn” xcosTXx

F3

2
=j‘[5h'1 2.1:+(:n§ 1_3]#
sin“ x cos” x

(Note this step)

I
=j[ ——— -3]@:
Cos™ x sin X

=Jsecl.rdr+J-cnsec2xcix—3j 1dx

=tan x — cot x - 3x + ¢,

2. Solution:

[= J-cos(x+a}
7 sin (x+b)

_ Ims(m+a=b}
sin (x+ b)

cos (x + b)cos(a—b)

_ f — sin {xh+ b)sin(a —b) dx
sin (x + b)
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_ _p[8EEA) b sina—-b)]1-
= cos(a-b)| mmb}dr sin (@ —b) | 1-dx
=cos(a-b)loglsin(x+b)|-sin(a-b)-x+c.

3. Solution:

J x>tan 'xdx= -[ tan~! x. x2 dx

3 3
_ - 1
= tan lx.x——j ,x—dx

3 1+x* 3
(Integrating by parts)
3 . 3
= —tan"'x-= T dx
3 3 1447
3 .
- Tt x-3f (3 —g o
3 3 1+ x°
3
= —tan"lx—— xdx+lf 212
v I+x
3 2
1
- %[an-lx—g L+ log| 14wt ] +c

:; x> tan” x—%x +llﬂgf1+x )+ e

[‘.*12 >0=]1+x° }ﬂ.'.|1+x2|=1+x?]

4. Solution:

Let [ [log (log x) + )2 ] dx

= [ log (log x) dx + | (IO;X)Z ] dx ...... (1)
LetI =11+ 12

Now I1 = [ log (log x) dx

=[log (log x) 1 dx
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=log (logx).x - | : dx

X.
logx-x

(Integrating by parts)
1
= xlog(logx) - | Togx (o) QI (2)

Letli =13+ 14

1

And T = | ——dx

log x
- J' L 1
log x
2

1 1 1
— —I-(w] —.xdx
log x log x X
(Integrating by parts)

= ad +I lzdx‘
log x (log x)

Putting in (2),

li =% log (%) - =— — 1 _ 4%
| I gz J (log z)°

Putting in (1),

[ =xlog (log x)

X _I 1 zdx-l-_l’ 1 Ly
log x (log x) (log x)

]

X
log (log x)y=——+
x log (log x) log x c

x(lug (log x) - LJ +cC.
log x

Case Study Answers-

1.

" (3 +4)*
M 12

+C

(ii) (b) loglx|+2tan 'x+¢
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x sin2x

... (b)) =
(iii) 2 4

+

(iv)(d)tanx-x+c

(v) (c) —2cot2x+e

2.

(b) _xcos:lr . sindr ie
(1) 3 9
(i) (@) xlog(x+1) +log (x + 1) —x + ¢

E.‘lr

(92 —6x+ 2) + ¢

L) {d':l n.)l-
(iii) =i

(iv) (@) flxg'tx) - f(x)gx) + e
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