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02 RELATIONS AND FUNCTIONS

RELATIONS AND FUNCTIONS

Key Concepts

1.

10.

A pair of elements grouped together in a particular order is known as an ordered pair.
The two ordered pairs (a, b) and (c, d) are said to be equal if and onlyifa=cand b =d.

Let A and B be any two non-empty sets. The Cartesian product A x B is the set of all
ordered pairs ofelements of sets from A and B defined as follows:

AxB={(a,b):a €A, b €B}.

Cartesian product of two sets is also known as the productset.

If any of the sets of A or B or both are empty, then the set. A x B will also be empty and
consequently, n(A x B) = 0.

If the number of elements in A is m and the number of elements in set B is n, then the
set A x B willhave mn elements.

If any of the sets A or B is infinite, then A x B.is also an infinite set.

Cartesian product of sets can be extended to three or more sets. If A, B and C are three
non-emptysets, then A x B x C={(a, b, c): a€ A, beB, ceC}. Here (a, b, c) is known as an
ordered triplet.

Cartesian product of a non-empty set. A with an empty set is an empty set, i.e. Ax O =O.

The Cartesian product is not commutative, namely A x B is not the same as B x A, unless A
and B are equal.

The Cartesian product is associative, namely A x (B x C)=(A x B) x C

11.R x R ={(a, b) : a €R, b €R} represents the coordinates of all points in two-dimensional

12.

13.

14.

plane. Rx Rx R ={(a, b, c): a €R, b €R, c €C} represents the coordinates of all points in
three-dimensional plane.

A relation R from the non-empty set A to another non-empty set B is a subset of their
Cartesianproduct A x B, i.e. R — A x B.

If (x, y) € Rorx Ry, then x is related to y.

If (x, y) 2R or x Ry, then x is not related to y.
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RELATIONS AND FUNCTIONS

15. The second element b in the ordered pair (a, b) is the image of first element a and a is the
pre-image of b.

16. The Domain of R is the set of all first elements of the ordered pairs in a relation R. In
other words,domain is the set of all the inputs of the relation.

17.1f the relation R is from a non-empty set A to non-empty set B, then set B is called the co-
domain ofrelation R.

18. The set of all the images or the second element in the ordered pair (a, b) of relation R is
called the Range of R.

19. The total number of relations that can be defined from a 'set’'A to a set B is the number
is possiblesubsets of A x B.

20. A x B can have 2™ subsets. This means there are 2™ relations from A to B

21. Relation can be represented algebraically and" graphically. The various methods are as

follows
Roster form
|
Algebraic < '
— W s — c
Set Builder

Arrow Diagram

Representations
of Relations |

ey

Graphical

Cartesian plane

22. A relation f from a non-empty set A to another non-empty set B is said to be a
function if everyelement of A has a unique image in B.

23. The domain of fis the set A. No two distinct ordered pairs in f have the same first element.
24. Every function is a relation but the converse is not true.

25.If f is a function from A to B and (a, b) € f, then f (a) = b, where b is called image of a under
f and a iscalled the pre-image of b under f.
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26. If f: A— B Ais the domain and B is the co domain of f.
27. The range of the function is the set of images.

28. A real function has the set of real numbers or one of its subsets both as its domain and as
its range.

29. Identity function: f: X — X is an identity function if f(x) = x for each x' € A

30. Graph of the identity function is a straight line that makes an angle of 45° with both X-
and Y=axis,respectively. All points on this line have their x and y coordinates equal.

31. Constant function: A constant function is one that maps each element of the domain to
a constant. Domain of this function is R and range is the singleton set {c}, where c is a
constant.
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32. Graph of the constant function is a line parallel to the X-axis. The graph lies above X-
axis if theconstant ¢ > 0, below the X-axis if the constant ¢<.0 and is the same as X-
axisif c=0.

33. Polynomial function: f: R — R'defined as y =f(x) = ao + aix +a2x> + .... + an X", where n is
a non-negative integer and ag, a1, a2, ...an € R.

34. A linear polynomial represents a straight.line, while a quadratic polynomial represents a
parabola.

X
35. Functions of the form ?x))' where f(x) and g(x) # 0 are polynomial functions, are called
rational functions.

36. Domain of rational functions does not include those points where g(x) = 0. For example, the
1 .
domain of f(x) = — Is R —{2}.

37. Modulus function: f: R — R defined by f(x) = |x| for each x € R
f(x) = x if x > 0 f(x) = —x if x<0 is called the modulus or absolute value function. The graph of
modulusfunction is above the X-axis.
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38. Step or greatest integer function: A function f: R — R defined by f(x) = [x], x € R, where
[x] is the value of greatest integer, less than or equal to x is called a step or greatest
integer function. It is alsocalled as floor function.

Ty
4|
3
2 )
1 —)
X
_O
4 3 2 -1 1 2 3 4
10
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39. Smallest integer function: A function f: R — R defined by f(x) = [x], Xe R where smallest
integer, greater than or equal to x is called a smallest integer function. It is also known as
theceiling function.

y
4
3 O
2 O
Qe
X
o m—— __ ) |
4 3 2 i 1 2 3 4
O 1
f(x) =[] o z

x|
40. Signum function: f(X) 2 =’ X#0 and 0 for x= 0. The domain of signum function is R and

range is {-1, 0, 1}.
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y

3 |
f(x):JX’ X=0

2 0, x=0

H

41.1f a is a positive real number other than unity, then a function that relates each x € R to
a”is calledthe exponential function.

42.1f a> 0 and a # 1, then the function defined by f (x) = logy x,x > 0 is called the
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logarithmicfunction.

f(x) =log(x)

1
43.The function defined by f : R — {0} = R such that, f(x)= - is called the reciprocal

function
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44. The function defined by f:R*— R such that, f(x) = + V/X'is called the square root function.
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45. The function defined by f:R — R such that, f(x) = x? is called the square function.

46. The function defined by f:R — R such that f(x) = x* is'called the cube function.
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1
47. The function defined by f:R — R such that, f(x) = x3 is called the cube root function.

Key Formulae

1. RxR={(x,y):x, y.€ R}
and RxRxR={(x,vy,2):x,y,2e R}

2. If(a, b)=(x,y),thena=xandb=y.

3. (a,b,c)=(d,e,f)ifa=d,b=eandc=H.

4. Ifn(A)=nandn (B)=m, thenn (A xB)=mn.

5. If n(A)=nandn (B) =m, then 2™ relations can be defined from A to B.
6. Algebra of Real function:

For function f : X > Rand g: X > R, we
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have(f +g) (x) =f (x) +g (x), x € X.
(f—g) (x) =f(x) —g(x), x € X.
(f.g) (x) =f (x). g (x), x € X.

(kf) (x) = kf (x), x € X, where k is a real number.

[;J(x) :;((;?),x eX, g (x)=0.
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Class : 11th mathematics
Chapter- 2: Relations and Functions

....................................................................... ) :
F 1f Ris a relation from A to B, then the set of first : @
elements in R is called domain & the set of second : “\‘

sLet A&B be two empty sets. Then any subset 'R ' of i elements in R is called range of R. Symbolically, &

{ Ax Bis a relation from A to B.If (a,b) €R, then we : i Domain of R={x:(x.y) € R}; Range of R={y:(x,y) € R} S
i writeaRb, whichisread as' aisrelated to b ' by a i i ThesetBis called co-domain of relation R. E2RoH2Q :
i relation R, 'b' is also called image of'a’ under R. i i Note:therange < Codomain. z EeE&27E8 i
i The total number of relations that can be defined i i Eg.Given, R={(1,2),(2.,3).(3.4).(4.5).(5.6)}. 5 :- EETE =
! from a set A to a set B is the number of possible i i then Domain of R={1,2,3,4,5} 2958 = |
i subsets of A x B. If n(A)=p and n(B)=q, then n : Range of R={2,3,4,5,6} and 25— 73 % ZEXE i
i (Ax B)=pq and total number relations is 2pq. i i codomain of R={1,2,3,4,5,6} e ; E2ohy
fon 2 A EEEpt g i
....................................................................................................................................................... & o§ =3 ’ET 5 )(mD i

S a8 B>H 1

a2 |

................................. ) 7 i
sGiven two non empty ™ E g 7

fsets A&B. The cartesian
: product AxBis the set
i of all ordered pairs of
: elements from A&Bii.e.,
i AxB={(a,b):a€A;be :
i B).

i If n(A)=p and n(B)=q,

i then n(AxB)=pq

Domain &
range of a
Relation

Let A&B be two sets
and R be a relation
from set A

to set B.Then inverse of
R .denoted by R-1, is a
relation from B to Aand
is defined by

R-1={(b,a) : (a,b) € R}.

Relation

Cartesian
product of
sets

Pictorial
representat
jon of a
relation

................................. , Clearly, (a,b) ER < (b,a)
» €R-1
..................................... Relations Also, Dom(R)=Range
and (R-1) and

Inverse

B Range(R)=Dom(R-1)

;Def"nltlon Arelation ' ' from &
{ set Ato set Bis said to be a "-_ .
function if every element of set / { Functions
i Ahasone
and only one image in set B.

i Notations:

Algebra of
function

-

Even function

Even and f(=x)=f(x), Yxe Domain

odd
function

Odd function
fl=x)=—f(x), Vxe Domain

Kinds of
Functions

l Domain(input) X5 [{]— y=f(x) Range(Output)| :

) =
V/ASR\Y)/ +The function f:R — R defined®,

TV P W as, . ; i ;

i is called signum function. It :

] is usually denoted by

i y=f(x)=sgn(x) Domain=R and :

Related
terms

i » K
Codomain of f :' Oré-One Onto functiond/One-One Into function

E g B
: 'Let f:x— Rand g— R be _any two real . : Range Codomam Rangec Codomain

Range ={ 0, -1, 1}
1, x>0
& 0, x=0
E functions Many-One Onto ﬁmcuon Many One Into function -1 \X <)
: where XcR. Signum 4
function

i Addition: (f+g)x = f)+g(); vxe R | | S/ i
i Subtraction: (f-g) x = f(x)-g(x); Y xe R} -‘.
HE s A 4 ; AR e "

Some standard
real

i Product: (fg) x=f(x).g(x); Vx € R g = 3
i Quotient: (f/g) (x) = f(x)/g(x); provided : = { The function f:R >R }
i gx)#0,VxeR I g i defined by asthe
: : i greatest integer

! less than or equal to :
; x .It is usually £
denoted by y=f(x)=

[x].

Domain=R and

A
Range=Codomain

Greatest
integer function

f(x)=log, a>0, a # 1 Domain=x € (0, «)
Range=y € R

Identity
function

Range=Z(All
integers)

Exponential
function

The function f:R — R defined by y=f(x)= x
Vv x €R is called
identity function. Domain=R and

f(x)=ax,a>0,a=#1,
Domain: xeR: Range:f(x) c (0,«)

TR s, . Modulus

The function f:R — R defined by y=Ff(x)=c, ¥ X € R, function

where i
c is a constant is called constant function. Domain= R Elt is denoted by y=f(x)=|x|. D°mf
and Range ={c} : gRange =(0,)
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02 RELATIONS AND FUNCTIONS

Important Questions

Multiple Choice questions-

Question 1. The domain of the function "*Pys is
(a) {1, 2, 3}

(b) {3, 4,5, 6}

(c) {3, 4, 5}

(d){1, 2,3,4,5}

Question 2. The domain of tant(2x + 1) is

(a) R

(b) R—{1/2}

(c) R—{-1/2}

(d) None of these

Question 3. Two functions f and g are said to be equal if f
(a) The domain of f = the domain of g

(b) The co-domain of f = the co-domain of g

(c) f(x) = g(x) for all x

(d) all of above

Question 4. If the function f : R > R be given by f(x) =x>+ 2 and g : R > R is given by
g(x) = x/(x —1). The value of g of (x) is

(a) (x2+ 2)/(x*+1)
(b) x*/(x* +1)
(c) x*/(x* + 2)
(d) None of these

Question 5. Given g(1) =1 and g(2) = 3. If g(x) is described by the formula g(x) = ax +
b, then the value of aand b is

(@) 2,1

(b)-2,1

(c)2,-1

(d)-2,-1

Question 6. Let f : R = R be a function given by f(x) = x? + 1 then the value of f (26)
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is
(a) 5
(b) -5
(c) £5
(d) None of these
Question 7. The function f(x) = x — [x] has period of
(a) 0
(b) 1
(c) 2
(d)3
Question 8. The function f(x) = sin (1tx/2) + cos (nx/2)-is periodic with period
(a) 4
(b) 6
(c) 12
(d) 24
Question 9. The domain of the function f(x) = x/(1.+ x2).is
(a) R—{1}
(b) R—{-1}
(c)R
(d) None of these
Question 10, If f: R & R is defined by f(x) = x*> — 3x + 2, the f(f(y)) is
(a) x* + 6x3 + 10x> + 3x
(b) x* — 6x3 + 10x? + 3x
(c) x* + 6x3 + 10x? — 3x
(d) x* — 6x3 + 10x? — 3x
Very Short Questions:
1. Findaandbif(a—1,b+5)=(2,3)If A={1,3,5}, B={2,3}find:
2. AxB
3. BxA
Let A={1,2}, B={2,3,4}, C={4,5}, find (Question- 4,5)
4. Ax(Bn Q)
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5. Ax(BUC)
6. If P={1,3}, Q=1{2,3,5}, find the number of relations from A to B

7. IfA={1,2,3,5}and B={4,6,9}, R={(x, y): |[x—y]| isodd, x €A, y € B} Write R in
roster form Which of the following relations are functions? Give reason.

8. R={(1,1), (2,2), (3,3), (4,4), (4,5)}
9. R={(2,1), (2,2), (2,3), (2,4)}

10.R ={(1,2), (2,5), (3,8), (4,10), (5,12), (6,12)} Which of the following arrow
diagrams represent a function? Why?

Short Questions:

1. LetA={1,2,3,4},B={1,4,9,16,25} and R be a relation defined from Ato B as, R={(x, y) :
x€A yeBandy=x2}

(a) Depict this relation using arrow diagram.
(b) Find domain of R.
(c) Find range of R.
(d) Write co-domain of R.
2. LetR={(x,y):x,yeNandy = 2x}bea relation.onN. Find :
(i) Domain
(ii) Codomain
iii) Range
Is this relation.a function from N to.N
3. Find the'domain and range of, f(x)= |2x—3| -3

4. Draw the graph of the Constant function, f: R € R; f(x) =2 [J x € R. Also find its
domain and range.

5. LetR={(x,-y):x,ye W, 2x+y=238) then
(i) Find the domain and the range of R (ii) Write R as a set of ordered pairs.

6. Let R be arelation from Q to Q defined by R={( a,b) : a, be Qand a -b € z), Show

that.
(i)la,a)eRforall acQ (ii)la,b)cR impliesthat (b,a|sR
iii)la,b)e R and |(b,c) €R implies that (a,c)€R
2_
7. I f(x) = =225 find £(-2) + f(§)+

8. Find the domain and the range of the function f(x) = 3x?=5. Also find f (-3) and
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9.
10.Find the domain and the range of the function f(x) — vx — 1.

the numbers which are associated with the number 43 m its range.

If f (x) = x%-3x + 1, find x such that f (2x) = 2 f(x).

Long Questions:

1.

Draw the graphs of the following real functions and hence find their range
f['_l’_'l=l=xe R.x=0
X

A f(x) =x — i Prove that [f (x)]® = f(x*) + 3f G)

3. Draw the graphs of the following real functions and hence find'their range

. Let f be a function defined by F: x —» 5x? + 2,x €R

(i) find the image of 3 under f.
(i) find f(3) + f(2).
(iii) find x such that f(x) = 22

The function f(x) = %x + 32 is/the formula to connect x’c to Fahrenheit units
find (i) f(O) (ii) f(-10) (iii) the value of xf(x) = 212 interpret the result is each case.

Assertion Reason Questions:

1.

In each of the following questions, a statement of Assertion is given followed by
a corresponding statement of Reason.just below it. Of the statements, mark the
correct answer as.

Assertion (A) : If(x+1,y—2)=(3,1), thenx=2and y = 3.

Reason (R) : Two ordered pairs are equal if their corresponding elements are
equal.

(i) Both assertion and reason are true and reason is the correct explanation of
assertion.

(ii) Both assertion and reason are true but reason is not the correct explanation
of assertion.

(iii) Assertion is true but reason is false.

(iv) Assertion is false but reason is true.

. In each of the following questions, a statement of Assertion is given followed by

a corresponding statement of Reason just below it. Of the statements, mark the
correct answer as.

Assertion (A) : The cartesian product of two non-empty sets P and Q is denoted
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asPxXQandPxQ={(p,q):p€P,qeQ}

Reason (R) : If A = {red, blue} and B = {b, ¢, s}, then A X B = {(red, b), (red, c),
(red), (blue, b) (blue, c) (blue, s)}

(i) Both assertion and reason are true and reason is the correct explanation of
assertion.

(i) Both assertion and reason are true but reason is not the correct explanation
of assertion.

(iii) Assertion is true but reason is false.

(iv) Assertion is false but reason is true.

Answer Key:

MCQ

(c) {3, 4,5}
(a)R
(d) all of above
(@) (x* +2)/(x* + 1)
(c)2,-1
(c) £5
(b) 1
(a)4
(c) R
0.(d) x* — 6x3 + 10x% — 3x

W % N O U R WNR

Very'Short Answer:

1. a=3,b=-2

2. AxB={(1,2),(1,3),(3,2), (3,3),(5,2), (5,3)

3. BxA={(2,1),(2,3),(2,5), (3,1), (3,3), (3,5)

4. {(1,4), (2,4)

5. {(1,2), (1,3), (1,4), (1,5), (2,2), (2,3), (2,4), (2,5)
6. 2°=6

7. R={(1,4),(1,6), (2,9), (3,4), (3,6), (5,4), (5,6)
8. Not a function because 4 has two images.

9

. Not a function because 2 does not have a unigque image.
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10. Function

Short Answer:

1.
A
1
2
(a) 3
4
(b) {1,2,3,4}
(c) {1,4,9,16}
(d) {1,4,9,16,25}
2. (i)N

(ii) N
(iii) Set of even natural numbers
yes, R is a function from N to N.
3. DomainisR
Range is [-3, °)
4. Domain =R

Range = {2}

Ul

. (i) Givenand 2x+y =8 andx,y € w

x=42x44y=8=y=0

for all other values of x,y € wwe donotgety €w
~ Domain of R={0,1 2, 3,4} and range of R={8, 6, 4, 2, 0}
(ii) R as a set of ordered pairs can be written as

R={(0.8).(1,6).(2.4).(3.2).(4.0]}
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6.
R=[['_a=b_'|:a=bEQﬂnda—EJEz]
(i) Forall ac Q.a—a=0and 0 = z, itimplies that (a,a)€ R.
(ii)Given (a.b)eR=a-bez=>—(a-b)|ez
=b-—acz=>(b.a)ek
(i) Given(a.b )R and (b.c|eR=a-bezrandb-cez=(a—b)+(b~c) ez
=a-c€z=>(a-c)eR.
7.
Given f(x) = i’;“ Df =R-{1}
e
o (22) -3(-2)+1
.'.f[—2|=[- ) (—2) _Jf+6+1:11End
o —2-1 —3 3
. %:—3><%+1 I 1 W/ 1
LA 9-1+1 9 '
A7 R S R ) R
3 3 3
oo 717 11 1 =221 =23 5
O 2 () T = L \ ¥ _3>
R 5= 3 6o 66 6
8.

Given f(x)=3x"=%
For Df, fit.x Ymust be real number
—3 =5 must be a real number

Which is a real number for every x = R
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=Df=R...__._|i)

for Rf let v= f(x)=3x" -3

We know that forall xe R, x* 20=3x" 20
=3 -525=y2-5=Rf =[5 ]

Funthes, as—3 Df. f|—3) existsisand /(=3 )

| ]
| -]

—3=

Al
3| =23

As 43 € Rf onputting y =43 is (i) weget

A=l = I8 = k=16 = v=—4. 4.

sk

There fore —4 and 4 are number

(1s Df | which are associated with the number 43 in Rf

9.
Given f(x)=x -3x+1.Df =R
7 J2x) =|2.\"_|: -3(2x)+1=4x" =6x+1
Asf(2x)=f(x)( Given)
=4 -6x+1=x -3x+1
=3 -3x=0= —x=0= x(x-1T=0
=>x=0.1.

10.

Giyenyf(x) =4fx—-1

for Df. f(x) must be a real number
= \f.\'— Imust be a real number

=>x-120=>x21

= Df =[1,x]
for Rf. lety = f(x)=~x-1
=Jx-120=y20
= Rf =[0.x]
Long Answer:
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Given _r‘mu:l,xe R, x=0
=

Let y= f(x)=ify =l,x€ R .x=0
x

(Fig for Answer 11)

(]
R N

x -4 -2 |-1 [(-05 |-0.25 |05 (1

1
y=— |-025 |05 [-1 |-2 -4 2 fy, 05" (0.25
x

Plot the points shown is the above table and join there points by a free hand drawing.

Portion of the graph are shown. the right margin
From the graph, it is clear that Rf = R — [0]

This function is called reciprocal function.

2.

If f(x)= .a;—l, prove that |‘f|'_\;'|-|': = f[‘n:E i)+f ! ;
X - - X

Givenuf(%) 2 x——,Df = R[0]

X
:fl.lezm'i—i: and f l;:l—l=l—x (7]
X x) x 1 «x
X
ASx)| = x-— | =X - =-3x—| x—— |
- - X x x|\ X
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RELATIONS AND FUNCTIONS

1 1)
=x ——-3 x——|
X x)
1 /1 ,
=X ——+3 ——x,
X X

o3y 1_ 7
= flx |+3f — [|using (i) |
. | x J- -

3.

(i)Given, f(x) i.e. y = x - 1 which is first degree equation in x, y and hence it represents
a straight line. Two points are sufficient to determine straightlint.uniquely

Table of values

X 0 1

y -1 1

A portion of the graph is.shown in the figure from the graph, it is clear that y takes all
real values. It therefore that

R.‘,—=R

(ii)Givenf ( ¥ = x ™

x—-

i8E (o T

=x+1-x=1)
r—1

i.ey=x+1 whichis afirst degree equation is and hence it represents a straight line.
Two points are sufficient to determine a straight line uniquely
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RELATIONS AND FUNCTIONS

Table of values

x =1 0

y 0 1

A portion of the graph is shown is the figure from the graph it is clear that y takes all
real values except 2. It fallows that R = R —[2].

4.

Given f(x)=3x"+2.xeR

(i) f(3)=5x3"+2=5%9+2=47
(ii) £(2)=5x2"+2=5x4+2=22

S f(3)x f(2)=4T=x22=1034

(i) /(x)=22
=5 +2=22
=5x' =20
=X =

5.
fi .1'|=—'.‘32t5w’:)
9x0
() £(0) =| S 32 =32= A(0)=3200°c =32'F
" £9x(-10)
(i7) f£(=10) =

+32 =14= f(-10)=14"=(-10) c=14'F

(i) f(x) =212 ®¥—32=212¢39.\'=5 (180)
< x=100
212" f=100"¢

Assertion Reason Answer:

1. (i) Both assertion and reason are true and reason is the correct explanation of
assertion.

2. (i) Both assertion and reason are true and reason is the correct explanation of
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assertion.
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